条件付期待値とアダマール積(作用素不等式とその周辺) by 中本, 律男
Title条件付期待値とアダマール積(作用素不等式とその周辺)
Author(s)中本, 律男








1. $\mathrm{J}.\mathrm{I}.\mathrm{F}\mathrm{u}\mathrm{j}\mathrm{i}\mathrm{i}[4]$ Hadannard T\^oyama-Marcus-
Khan ( $A,$ $B$ Hadamard $A*B$ $A\otimes B$ –
principal submatrix ) :Hilbert
$H$ ( ) $A,$ $B$ Hadamard
(1) $A*B=U^{*}(A\otimes B)U$ ,
$U$ $H$ $H\otimes H$ isometry $H$ afixed or-
thonormal basis $\{e_{1}, e_{2}, \cdots\}$




$\circ$ von Neumann diagonalization $E(A)=A*1$ -H.Umegaki $|_{\llcorner}^{arrow}$








J.von Neumann $[9;\mathrm{f}_{\mathrm{o}\mathrm{o}\mathrm{t}\mathrm{o}}\mathrm{n}\mathrm{t}\mathrm{e}10]$ projections { $P_{i}$ ; $i=$
$1,2,$ $\cdots\}$ maximal abelian subalgebra $\prime D$
(4) $E(A)= \lim_{narrow\infty}A^{1}P_{1}|P2\ldots|P_{n}$
$E(\cdot)$ maximal abelian subalgebra $\prime D$
projections $\mathrm{U}\mathrm{m}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{k}\mathrm{i}[13]$
$E(A)$ conditional expectation conditioned by $D$ $0$
$H$ algebra $B(H)$ Hadamard
Banach algebra ( cf. Hadamard inner characterization [5]
) $A\in B(H)$
$E(A)=A*1$
$E$ diagonal diagonal algebra $D$
$E$ $B(H)$ ’D unital positive $\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{a}\mathrm{r}*-$
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preserving faithful map $E$ Kadison Schwarz
:
(5) $E(A^{2})\geq E(A)^{2}$ for selfadjoint operators $A$
(6) $E(A*B)=E(A)E(B)$ for all operators $A,$ $B$
$E$ Hadamard
$A$ diagonal $-$
$($ 7. $k)$ $A^{k}=A*\cdots*A$ ( $k$ times)
$k$
$\lambda’n(\mathrm{A})=(Ae_{n}, e_{n})$ $A$ 1 $c*$ -algebra $C^{*}(A)$ char-
acter $A= \sum_{n}\chi_{n}(A)P_{n}$ $P$ $e_{n}$ projection
$A$ diagonal





















3. Ando[1] Hadamard :
$A,$ $\mathrm{B}$







. (10) (11) 2 $(A*A^{-1}+1)^{-1}\leq 1$
$A*A\leq(A*1)^{2}=E(A*A)$ .
$E(E(A*A)-A*A)=0$ $A*A\in D$ $A\in D$
4. $A,$ $\mathrm{B}$
$\log A*B=(\log A+\log B)*1\Leftrightarrow A,$ $B\in D$
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4. Hadamard – $\mathrm{G}.\mathrm{P}$.H.Styan[10]




$A*B=AB\Leftrightarrow A,$ $B\in D$
. $A,$ $B$ Shur $A*B\geq 0$ $A*B=$
$AB$ $A$ $B$
$\log(AB)=\log(A*B)\geq(\log A+\log B)*1=E(\log(AB))$
$\log(AB)\in D$ $\backslash A*B=AB\in D.$ 4
5 :
$A=A_{1}\oplus 1$ ( $A_{1}$ : ), $B=0\oplus 1\text{ }A*B=AB=B$
1
6. $A,$ $B$ $-$




$E(A^{2})\geq E(A)^{2}$ $tarrow t^{1/2}$ 1 operator monotone
$E(A^{2})^{1/2}\geq E(A)$ and $E(B^{2})^{1/2}\geq E(B)$
$A,$ $B$
$E(A^{2})^{1/2}=E(A),$ $E(B2)^{1/}2=E(B)$
$A,$ $B\in D$ .
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